
Homological Algebra UNL | Fall 2023

Midterm

Instructions: Turn in 4 of the following problems. You cannot use any resources besides me and
our course notes. In particular, you cannot discuss the problems with your classmates until after
the due date, and you are not allowed to use the internet or any other textbooks as a resource.

Problem 1. Consider a short exact sequence in Ch(R), say

0 󰈣󰈣 A 󰈣󰈣 B 󰈣󰈣 C 󰈣󰈣 0.

Show that if any two of A, B, and C are exact everywhere, then so is the third one.

Problem 2. Let C and D be complexes of R-modules and let f : C → D be a map of complexes.

a) Show that if ker(f) and coker(f) are both exact, then f is a quasi-iso.

b) Is the converse of a) true? Either prove it or give a counterexample.

Problem 3. Let R be a commutative ring.

a) Let

A
f 󰈣󰈣 B and B

g 󰈣󰈣 C

be two R-module homomorphisms such that for all R-modules M ,

HomR(M,A)
f∗ 󰈣󰈣 HomR(M,B)

g∗ 󰈣󰈣 HomR(M,C)

is an exact complex. Show that

A
f 󰈣󰈣 B

g 󰈣󰈣 C

is an exact complex.

b) Let (F,G) be an adjoint pair of covariant additive functors R-Mod → R-Mod, where R is
commutative; assume that for all R-modules M and N , there is an isomorphism of R-modules

HomR(F (M), N) ∼= HomR(M,G(N))

which is natural on both M and N . Show that G must be a left exact functor.

Problem 4. Let R be a commutative ring and let M and N be R-modules.

a) Show that if M and N are both projective, then M ⊗R N is projective.

b) Show that if M and N are both flat, then M ⊗R N is flat.

Problem 5. Let k be a field and V any vector space. Give a proof for a) before proving b).

a) Show that Homk(V,−), Homk(−, V ), and V ⊗k − are exact functors k-Mod −→ k-Mod.

b) Show that every additive functor k-Mod −→ k-Mod is exact.

Problem 6. Let (R,m) be a commutative local ring andM and N be finitely generated R-modules.

a) Using only properties of tensor products and without exhibiting an explicit iso, show that

R/m⊗R (M ⊗R N) ∼= (R/m⊗R M)⊗R/m (R/m⊗R N).

b) Show that if M ⊗R N = 0, then M = 0 or N = 0.
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