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theorem (Fundamental theorem of Arithmetic)

Every positive integer n can be written as a product
n = pill . . . pnak

of primes pi Cnith an> 1) which is unique up to the order of the factors

How about in other rings
?

For us
, rings are always commutative wth 1

.

Exam_ple R = Z [5-5] ± Z[%z2+s)
6 = 2 • 3 = (itE) (r - Fs )

these are distinct products in meduables .

what's wrong ?
We are focusing on elements when we should be focusing on ideals !

Def An ideal I is prime if my c-I ⇒ net or yeI

Def : An ideal I is primary if
my c-I ⇒ NE or y

"
c-I for somen

Def the radical of I is F- := { f c-RI f
"

c- I for somen}



Def An ideal I is primary if
my E I ⇒ 2 c- I or y c- TI

Notes :
• I prime → I = re

• I primary → F- prime

Def Q is I- primary if Q is primary and E- I.

warring F- prime -6 I primary
Exercises

① Qn
, Qz I

-

primary → Qnn Qz I -primary

② F- maximal ⇒ I primary

Def A primary decomposition of I is a collection of primary ideals Qi
I= Q n n . - . A QK

each Qi is called
A primary decomposition is medundant if § Cpumary)component)• no Qi can be deleted of I

• TQ
; f- Taj for ifj

Note Any primary decomposition can be made nredundant by
• deleting unnecessary components
• intersecting components with the same radical



theorem (Lasker, 1905, Noether, 1921)
Every ideal

in a Noetherian ring has a primary decomposition
*Noetheuanungs = Commutative algebraistsfavorite rings
This Noetherian if every ideal in R is fmtely generated
(big example : R= KEM, . - ikd]/± K field )

Examples
a) Fast : I any ideal

F- = M Q = N Q

Q2I QZI
minimal

Q prime Wnt2I

Q is a minimal purge of I if Q2 I2 I ⇒ Q=I

prime

MenCI ) = { Q minimal Theme of I}

Fat : Men(In) is a fmte set (in any Noetherian ring ) .

so if I = F- ⇐ is a radial ida ) , then

I= I
,
n . . . n In Ii minimal primes
-

primary components of I

b) I = Cry, nz, yz) = Cosy ) My,z)nCzz ) c-
K Easy,2-I



c) Primary decompositions are not unique
I.= fat

, my ) E
KEBy]

= Cn) n ca? my,ya ) = Cain Ge? my , y
")

these are different primary decompositions .
But nhat dothey have in common?

Cal n ca? ny,ya ) = Cain Ge? my , y
")

t radical
(a)
,

Cn
, y ) (n)

, cosy )

theorem (unopened of primary decompositions )

R Noetherian ring
I ideal inR
I= Qin .

- - n QK irredeendant primary decomposition

① { E , . . ., TQK } is unique and
does not depend on

our choice of primary decomposition
In fact { Toy

,
. . .

,
Tak} = Ass (RII ) : = associated primes of I

where a prime I is Ideal to I if
I = { f c-R I f-a c- I} for some AER



② the components Qi coming from menunalp_umes of I are unique
and given by the following formula :

I c- MenG- I EASSCRII ) ⇒ the I - primary component of I is

IRI nR := { fER I s f c- I , s ¢I }
= { f c-R I % •¥ E IRI } )( = 3 feat ¥ c- ±Re}

Most important facts about associated fumes and primary decompositions :
→ Every (proper) ideal

has associated primes
→ MenCI ) c- Ass(RII )

→ associated primes that are not minimal are called embedded

→

primary decompositions are computationally difficult to find

what does it really mean to be an associated prime ?

when M is an R-module (abelian group metha scalar product by elements in R)

ann (m) : = { her I am= 0 } annihilator of mFi



I c-ASSCRII ) ⇐ I = annCatt) for some a ER

⇐ there exists an inclusion typ→RE

symbdicpowas
Let I be an ideal inR

I?= (f, - - .fm/fi-cT-) nth power of I

Example cosy )
"
= (n? my,y4

I prime ideal no I
"

is not necessarily primary !

Example R=kE3%Z I = (n,z) finR)
Gy - za)

is not primary ! Because

my = 2-2 c- It
,

but n¢É
, y¢ EZ-_ I

but I
"

has a primary decomposition
what primes are going to appear

?

Qpume
Men (In) = {I} since c- Q ⇒ IEQ



so an inedundant primary decomposition of looks like

I
"
= QI n Qzn - . . M QK

*-embedded
I-primary components
component

and we know QI = {FER ! Sf c- In for some setI}
Definition I prime ideal

the n-th symbolic power of I is given by
É" : = { g-ER / Sf c- In for some s¢I

= I -primary component of
In

= smallest I-primary ideal conking I
exercise I

Note : Pne É
"

always ! But in general, I
"

g- É
"

Example R=kE¥y?Zz?_, I = Coe
,
2-) finR)

my = 2-
2
c- I
2

y ¢ I
⇒ n c- É" but a¢5 C !)

so 22€ IG)



Geneialdefnhou I = F- = Is n . . - nIn

I
"'
= IE

'
n . . . n ein'

trmfat : this is actually the same we would get if we took
the minimal components in an mediendart primary decomposition of In


