
Symbolic Powers Badges 2021

Geometry Gaay2)

Challenges what are the polynomials in Elzy,⇒
that vanish at every point on the curve

G- {Ct? e-Its) / tee} ?

Solution All the polynomials in the ideal

I = ( 23- y z , ga- nz

ng
s Earing )7-

these can be calculated explicitly as{
guy
, ,my,, , , ,,,

Z 1- t4I ÷ )
→ A computer can calculate these ! (try Macaulaya)

there is a correspondence between

nice subsets of Ada (variates) and ideals in kin;-Paid*
systems of polynomial equations



Algebra c- Geometry
ideals a- varieties

I
←

= {ny=oCny,Zz,yz) a- yz=o
Nz= 0

E-① Em
,

. . -

, sea]
a- 1A! (ed)
-

polynomials in
M
,
. .

> nd
wth A%= {Car, . .

> ad ) : aiek }
coefficients into

ideal I 1✓_ VCT-1-f.ae/AdIfCa)=o}

Variety = any set of points obtained as vcsome ideal )

= solution set to some system of polynomial equations

ICX ) :={fer / fca)=o forall aex} -1=1 ✗ variety

Lanning ! this is not a byecton exactly

eg I=Cn2) no> VCI ) = { 0 } → I( 30} )=Cn)
Note : F) = (n)

the problem is that if fnca)=o , then f-(a) = 0



there is a byccton
{radical ideals } { varieties }
Gu - oh , . . .

> nd-a.ae ) →
• = {Car, - ad)}

maximal ideals ← points

R=Cn ) c- ¢
d

co) c- A-
a

bigger ideals
→ smaller varieties

smaller ideals a- bigger varieties
n → U

+ → n

Exercise VCInnIa) = VCI,)UVCI2), I(4) + Icxz)= Icxnnxz )

prime ideals
← irreducible varieties

(not the union of 2 smaller varieties)

I -_ Inn - - - NIK → VCI) = VCI
,)U - - -- UVCIK )

¥

Example ¥→ = Tutu →
I

cxyiyzxz) = (x,y)nCy,z)n(x,z)



So given a variety ✗,
Icx) = polynomials that vanish along I

theorem (Hilbert's Nullstetlensatz )
I= JI C- D= GEM

,
. -

, Nd]

then I = M (M- ar
,
. . -

, nd
-ad) = A 3

Car, - .-sad) c-✗ 32I
3 Max

Challenge Find the polynomials in ①Easy,z]
that vanish to-day along
c- { Ct? É,E) 1 tea} .

→ wait
,
what does that mean ?

theorem (Zariski- Nagata)
I= TI E ① [ oh

,
. . -

, Kd]

I'm = A syn = polynomials that vanish to
MII

mmax
order n at each point in rc±)

Note : I = I
,
n . - . n Ik → I

")
= IF >

n .
. . n II"

polynomials thatvanish to order n at each irreducible component

I
">
= {f-ER / sfe In for some s¢I} = vanishing order n

loyally at I



Challenge Find the polynomials in ①Easy,z]
that vanish trader-2 along
c- { Ct? É,E) I tee} .

I = ( is- yz
ng

, ga- Nz , z2_gÑy- ) set :

dega=3I degy=4
deg 9 deg 8 deg 10 degz=5

Anker : I z I
2

T
because

n of = fg -
ha c- I

'd

, 2¢I ⇒ g- c-I
"'

wer

ngdeg 3 deg 15

⇒ g- c- I? since every element inÉ has degree > 16

& : I
">
= Elements that vanish to adorn

along VCI )



Elementary facts about symbolic powers :

① I = IG
)

② In c- Icn)

③ I.ca/ICb)g,=Cat-b)

④ Icntl ) c- Icn )

⑤ If I is generated by some variables , then I
"'= Inforall n> 1

In fact, this holds more generally whenever I is a-
coyote intersection

An ideal I C- ①Em
,

- . .

, nd] is a complete intersection
if

Galen (VCI) ) = minimal number of generators forI
-

d- dum CVCII)

-1¥ MCI)

height E)

Exaiuple I= Cny,NZ,y-2 ) has MCI ) =3

but I
f- so 2<3

has ⇒ not CI

dimension 1 I codimension 3-1=2



and actually ,
I'⇒ = (n

,y
f" n ca

,
z>
(2)
n cyz)

= Cn
,g)
2
n Cn,z)2 n Cy,2-12

V1

nyz

but nyz ¢ It because
every

element in IZhas degree 34 .


