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theorem
we don't know Cahuost) anything about symbolic powers .

Here are some big open problems about symbolic powers :

I. Equahtythobleur When is In= In' ?

① Given I
, for which n do we have In= Ion

'
?

→ not a reasonable question in general
② FixR (eg KIM, - . >nd

]) .

Which ideals I satisfy In-_ I'm for alln ?

there is a theorem of Hochstein from 1964 going
necessary and sufficient conditions on I, but it is not
piratical .

Monomialroeals I is a squarefree monomial ideal if it
is generated by monomials of the form

Ni
,

- - .

Nin , where iktij for Jfk .



A monomial ideal I is pH f whenever we
→ set some variables = 0

,

→ set some variables = 1
,

→ do nothing to some variables

the resulting ideal 8 has codimension c, and contains c many
monomials with no common variables f- a regularsequence)of C monomials

EI : I= Cny, Nz, yz) has codimension2

but any 2 monomials
have a common variable → not packed

Conjecture ( Iackingproblau)
Let I be a monomial ideal in KEM

,
. . -

,nd
]

.

I satisfies In= I'"for all n>1 if and only if I is packed

③ Is it sufficient to check II É
"'

forfinitely many values of n?

theorem (Montano- Nriñez Betancourt 2018 )J

I squarefree monomial ideal generated byµ elements

If I
"'= In for n s Mz) , then I

" '
= In forall n>1 .



I.Finite Generation of SymbolicRees Algebras
Ia) Icb) c- Icatb) for all a,b
→ can form a giadedalgebea

RSCI) : = ① I
"'t " c-Rft] the symbolic Rees

no

algetn-aq-IP-roblem.IS
RsCI) always finitely generated ?

Equivalently , is there d such that for all n,

I'm = I I
9-
(IG ) ) . . . ( Icd) )

ad

qt2azt . - - + dad-_ n

Ander No ! RSCI) can be finely generated or not

Deciding what's the case is very hard !

Given gb,c, let I be the defining ordeal of Ctatb,t
'

) in KEN
,y,z]

Is RsCI) fg ?

• (Goto - Nishida - Watanabe, 1994 ) : sometimes no .

• (Huneke, Srinivasan, Cutkosky,manyothers) : sometimes yes



I. Degree
when I is homogeneous , I

"'
is also homogeneous forall n> I

Def ✗CI) minimal degree of a nonzero homogeneous element in I

Question : what is ✗CI
'"') and how does it grow wth n

?

k[No
,

. .

>Nd] → pd
homogeneous I= F- projective varieties
If Cho

,
- -Md)

Gyri - aiaj I itj ) a- {Cao : . . - : adl}

So when I corresponds to {In , . . .

, Is } c- Pd

✗CI"
' ) : = minimal degree of a homogeneous polynomial

vanishing to order n at In , . .> Is
= smallest degree of a hypersurface passing
through In , . . .

, Is wth mullythatyn

ConjectureCchudnooskg , 1981)
If I defines s points in

PN
,
then

✗CImcm# , xCI)n+N-l-



theorem (Bisui - G - Hoi- Nguyen)
Chudnoosky's conjecture holds for a general set of s> 4Npomts

7
for
"

most"sets of points

the sets of s points in PN are parametrized by a topological space )(called the Hilbert scheme of s points .

the theorem holds in an

open dense set of the Hilbert schemeof s points

How does oneprove theorems like this ?

studying variations of the containment problem .

- -

When is I'a) c- Ib ?Containment Iroblem

theorem (Em- Lazarsfeld- Smith, Hochster- Huneke, Ma- Schwed)
2001 2002 2078

R= KEM
,

-. -

, s.E.IT
,

be field or 2 or Zp
I= TI = In n - - - nIs

h := Max { codeineIi}
i

then Ichn) E In for all n> 1

(⇒ Icdn ) c- I" for all n>1)



Exarieple I = Cny,23yz) ⇒ h=2⇒
TIME In ⇒ I(4)c- IZ

Question (Huneke
,
2000) what if I is a prime ruth h=2 .

Is I
'
E Id ?

theorem (G)2020) True for I defining Clift } E) in char 1=3

Conjecture(Harbourme,2008) Ich
"- h+1)

c- In for all n¥1

theorem (Dvmuicki- Sternberg-Tutaj-Gasinska,293) False
→ constructed 12 points in IT that don't satisfy I KI?
Extended by Harbourne-Seaham

,
and many others

Brit Harbourne's Conjecture is satisfied by
→ squarefree monomial ideals

→ general points in# (Bocci- Harbourne) and P}Dumnicki ) .

→ ideals defining tpurerengs CG-Huneke,209)
• R1±=k[all monomials of degree d unv oars] Veronese

{ • I = t-memos of a generic nxm matrix

• nice rings of invariants


