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Introduction

We investigate the Cohen-Macaulay property of several special
classes of monomial ideals that are important for graph theory and
combinatorics. Then we compute the Cohen-Macaulay type of
these ideals combinatorially.
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Monomial Ideals

Let / be a monomial ideal in R = K[Xy,..., Xy

Assume [ has an irredundant irreducible decomposition
I =L, Ji. The Krull dimension of R// is defined by
dim(R/l) =d — n,

where n is the smallest number of generators needed for one of the
Ji.

For the irredundant irreducible decomposition (R = K[ X1, ..., X4])

| = (X1X2,X2X3,X3X4)R = (Xl,X3)R N (X2,X3)R N (X27X4)R,

the Krull dimension of R/l is dim(R/l) =4 —2=2.




Monomial Ideals

min{i > 0 | Extx(K, R/1) # 0} < dim(R/1).

Define R/l to be Cohen-Macaulay if

min{i > 0| Extp(K, R/I) # 0} = dim(R//),
i.e., if Extik(K, R/I) = 0 for all i < dim(R/I).

min{i > 0 | Extp(K, R/I) # 0} is called the depth of R//, which
can also be defined in terms of regular sequences.
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Monomial Ideals

If R/1 is Cohen-Macaulay, then | is unmixed. So
Cohen-Macaulayness is unmixed + more. Cohen-Macaylayness is a
niceness condition, like being integrally closed. (They're actually
related some.)
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Monomial Ideals

Let R = K[Xi,...,Xy] and | a proper monomial ideal in R.

Definition
If R/l is Cohen-Macaulay, define the type of R// by

type(R/1) = dimg (Ext’(K, R/1)),

where n = dim(R/I). This measures the complexity of / once
you've modded out by a regular sequence.

Definition

R/l is Gorenstein if it is Cohen-Macaulay with type 1.
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Edge Ideals

Definition (Villarreal)

Let G = (V, E) be a graph with V = {v1,...,v4} and K a field.
Let R = K[Xi,...,Xy]. The edge ideal associated to G is the ideal
I(G) C R that is “generated by the edges of G":

I(G) = (XiX; | vivj € E)R.
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Edge Ideals

Consider the following graph G:

w1 w2 w3

Vi %) V3.

The edge ideal of G is

I(G) = (X1 X2, XoX3, X1 Y1, X2 Y2, X3 Y3),

in R = K[XLXZ;X?” Y17 Y27 Y3]
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Edge Ideals

Definition

The suspension of a graph G = (V,E) with V = {v,..., vy} is
the graph ¥ G with vertex set

VZEG)=VU{w,...,wg} ={vi,...,vg,wi,..., w4}
and edge set
E(ZG) = E(G) L {V1W1, 0600 Vde}.

This is also known as the Kj-corona of G.
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Edge Ideals

Theorem (Villarreal)

Let T = (V,E) be a tree with V = {v1,...,v4} and
R =K][Xi,...,Xy]. Then the following conditions are equivalent.
(a) R/I(T) is Cohen-Macaulay,
(b) I(T) is unmixed,
(c) one of the followings holds:
(1) V() <2,
(2) T is a suspension of a tree.
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Edge Ideals

Definition

A vertex cover of G = (V, E) is a subset V' C V such that for
each edge vjvj € E we have v; € V' or v; € V'. A vertex cover V'
is minimal if it does not properly contain another vertex cover of G.

The minimal vertex covers for the 2-path

v3) are

D) vi

P,=(w

)

V2

@)

V3.

V2
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Edge Ideals

If H is a tree such that R/I(H) is Cohen-Macaulay, then H = X G
for some subgraph G by Villarreal. We can compute

type(R/I(H)) = # {minimal vertex covers of G}.

Example

The suspension P, of the path P, = ( v Vo v3 ) is
wi w2 w3
Vi Vo V3.

type(R/I(XP2)) = t {minimal vertex covers of P} = 2.
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Weighted Edge ldeals

A weight function on a graph G = (V,E) is a function w: E - N

that assigns a weight to each edge. A weighted graph G, is a
graph G equipped with a weight function w.

Let G = (V, E) with V = {v1, vo, v3, v, v5, s} and
E ={viva, vav3, viva, vovs, v3vp }. We assign a weight to each
edge of G, then we get, e.g., the following weighted graph G,,.

Va V5 Ve
2 3
Vi V2 V3
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Weighted Edge ldeals

Definition

A weighted suspension of G, is a weighted graph (XG), with
weight function A : X G — N such that the underlying graph X G is
a suspension of G and A(v;v;) = w(v;v;) for all vjv; € E(G), i.e.,
Alg(6) = w. Graphically, (£G), has the form

Wi wj Wi

)\(V,'W,') ‘/\(VJWJ) ‘/\(kak)

% % Vi
! w(ViVj) J w(Vij)
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Weighted Edge ldeals

A weighted vertex cover of G, is an ordered pair (V/,4’) € Q such
that the set V' is a vertex cover of G and for each edge v;v; € E,
we have

(a) vi € V" and ¢'(vi) < w(vivj), or

(b) vj € V' and §'(vj) < w(vjvj).

The number 0'(v;) is the weight of v;.

Given two weighted vertex covers (V,07) and (V3,65) of G, we
write (V4,05) < (V{,61) if V5 C V] and 05(v;) > &1(v;) for all

vi € V5. A weighted vertex cover (V’,4") is minimal if there does
not exist another weighted vertex cover (V”,46") such that

(V" 6") < (V',0"). We define |(V',d")| = | V.
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Weighted Edge ldeals

The minimal weighted vertex covers for the weighted 2-path

(P)o=(vi —2—vos —>— v3) are
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Weighted Edge ldeals

Definition (Chelsey Paulsen and Keri Sather-Wagstaff [2])

The weighted edge ideal associated to G, is the ideal /(G,) C R
that is “generated by the weighted edges of G":

I

Consider the following graph H,:

/(Gw) _ <Xf‘J(vi‘/j))(jw(vi‘/j) ’ vivj c E) R.

V4 V5 Ve
3
%1 Vo V3.

I(Hx) = (X2X3, X3 X3, XP X2, X3 X3, X3 X3) R,
R = K[X1, X2, X3, Xa, X5, Xs].




Weighted Edge ldeals

Theorem (Chelsey Paulsen and Keri Sather-Wagstaff [2])

Let Hy be a weighted tree with V. = {v1,...,v4} and
R =K[Xi,...,Xq]. Then the following conditions are equivalent.
(a) R/I(Hy) is Cohen-Macaulay,

(b) I(H\) is unmixed,
(c) one of the following holds:

(1) |V(Hx)| <2or

(2) H, is a weighted suspension of a weighted tree G,, such that
A(vivj) < A(viw;i) and A(viv;) < X(vjw;) for each viv; € E(G). We
write Hy = (ZG))\

For example, Hy we just saw before satisfies the condition (c).(2).

V4 V5 Ve
S,
Vi V2 V3

Shuai Wei CM Type of Weighted Edge Ideals and r-path Ideals



Weighted Edge ldeals

Theorem

Let Hy be a weighted tree such that R/I(H)) is Cohen-Macaulay.
Then Hy = (XG)) for some weighted subtree G, such that
A(vivj) < A(viw;) and A(vivj) < X(w;v;) for each vjv; € E(G) by
Chelsey-KW. We can compute

R
type< ) = t {minimal weighted vertex covers of G,}.
I(H))
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Weighted Edge ldeals

Example

The weighted suspension (XP,), of the weighted path

(Pz)w = ( Vi 2 %) 3 V3 ) is

w1 Wo w3
2 3
%1 Vo V3.

type(R/I((XP2)»)) = f {minimal weighted vertex covers of (P>).}
=2
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Weighted Edge ldeals

We can generalize all of this to the r-path setting. The
Cohen-Macaulay property is characterized for path ideals of trees
and some weighted path ideals for weighted trees by Morey, et al.
and Kubik-SW. We have a complete characterization subsuming
the previous partial characterizations. We can also compute the
Cohen-Macaulay type for all of these Cohen-Macaulay ideals.
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r-path Ideals

Definition

An r-path vertex cover of G is a subset V/ C V s.t. for any r-path
Vi -+ Vi, in G, we have v € V' for some j € {1,...,r +1}. An
r-path vertex cover V' is minimal if it does not properly contain
another r-path vertex cover of G.
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r-path Ideals

Definition (Conca and De Negri)

Let G = (V, E) with V = {vl,...,vd}. Let R = K[Xl,... ,Xd].
The r-path ideal associated to G is the ideal /,(G) C R that is
“generated by the paths in G of length r":

I(G) = (Xi, ... Xiy | Vi ... Vi, is a path in G)R.

Consider the following graph G in R = K[Xi, ..., Xs].

V4 V5 Ve

Vi V2 V3

h(G) = (XaX1Xo, X1 X2 X5, X1 X2X3, X5 X2 X3, X2 X3.X5) R.




r-path Ideals

Definition

The r-path suspension of a graph G is the graph ¥, G obtained by
adding a new path of length r to each vertex of G. The new
r-paths are called r-whiskers.

The 2-path suspension ¥, P, of the 2-path
G:PQZ(V;[ Vo V3)iS
Vi Vi1 V1,2
Vo V2.1 V22
V3 V3,1 v32.
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r-path Ideals

Define g : V(X,-1G) — V(G) as q(vij) = v;. Let
V" C V(%,-1G). Then q(V") ={vi |3 vij € V"} and we set

AV q(V”) — N
vi 1+ min{j|vije V'}

Given two minimal r-path vertex covers V|, Vj of X,_1G. Write
(V{,Wv{) <z (Vzlﬁvz/) if g(V{) € q(V3) and 7v1'|q(v1') 2 7v2'\q(v1/)-
A minimal r-path vertex cover (V/,~yy/) is zz-minimal if there is
not another r-path vertex cover (W', yy) such that

(W ywr) <z (V' 9vr).
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r-path Ideals

The following are two minimal 3-path vertex covers of X, Ps.

V12 Vo2 V3o Vi V22 @3

Vi1 2D W)  via 2D Va1

N
@

V2.0 V3.0 V2.0 V3.0
VI ={vio,v1,v31} VY = {vi0, 1,32}
q(V{) = {v1, v, v3} q(Vy) = {V1a1V2a2Vs}
(V{/”VV{’):{V117V22>V??} (V2”>7V2”):{V17V2’V3§}
72-minimal
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r-path Ideals

Definition

Let v; be a vertex of degree 1 in G that is not a part of any r-path
in G. We write that v; is an r-pathless leaf of G.

If G is a tree and R/I,(G) is Cohen-Macaulay, then there exists a
subtree H such that ¥, H is obtained by pruning a sequence of
r-pathless leaves from G.

R/
type(> =t {2z-minimal r-path vertex covers of ¥,_1G}.

I/(Z,G)
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r-path Ideals

The 3-path suspension X3P, of P, = ( v Vo v3 ) is
V1,3 V23 V33
V1,2 V2,2 V32
V1,1 V2.1 V3.1
V1,0 V2.0 V3.0-

We depict the minimal 3-path vertex covers of ¥, P in the
following sketches.
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r-path Ideals

Example (Continued)

(The first 6 minimal 3-path vertex covers of ¥,P;.)

V12 V22 V32 vi2 V2,2 V32 vi2

V22 V32
| | | | | | | é} %}
Vi1 V21 V31 Vi1 V21 V31 Vi1

| é@ | &@ | %@ %@ | |
V1,0 V3,0 V2,0
vi2 V22 V32 V12 V22 (ZD) vi2 (ZP) V32
| %} | | | %}
%} é} %} Vi1 V31 Vi1 V2.1
| | | &@ | | &@ | |
V10 V2,0 V30 V2,0 V30 V2,0 V3,0

V2,0 V3,0
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r-path Ideals

Example (Continued)

(The last 4 minimal 3-path vertex covers of X,P>.)

V32 D) Va2 V32 V12 D) V32

V12 V22
%} é} Va1 Vi %} Va1 %}

V2,1 V31

%@ V10 v2,0 %@ vio V2,0 %D

V12 @ V3,2

& Lo

V1,0 V2,0 V3,0

V1,0 V2,0
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r-path Ideals

Example (Continued)

The z-minimal 3-path vertex covers of ¥ P> are the following.

Vi V22 V32 V12 V22 V32 Vi V22 (ZP)

Vi1 V2.1 V31 Vi1 V2 1 V31 Vi1 é} V3 1
vio é@ V30 &@ é@ &E
@2 V22 Va2 vi2 @2 V32
v é} Va1 %} V2,1 %}
V1,0 V2.0 %@ V1,0 V2,0 V3.0

type(R’/Ig(Z3P2)) = 5.
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Weighted r-path Ideals

Definition (Bethany Kubik and Keri Sather-Wagstaff [1])

Let G = (V, E) with V = {vl,...,vd}. Let R = K[Xl,... ,Xd].
The weighted r-path ideal associated to G, is the ideal /,(G,) C R
that is “generated by the max-weighted paths in G of length r":

Vi -+ Vi, is a path in G with
) € = w(vil Viz)v
H(Go) = | X X | e = max{w(vi_,vi), (v, vins)} | R.
forl<j<r
and €, = w(v;vj,,)
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Weighted r-path Ideals

Consider the following graph G, in R = K[Xi,..., Xg].

V4 V5 Ve
2 3
Vi V2 V3

The weighted 2-path ideal of G, is

B(G.) = (XEXEXE, XXGXE, XXGXE, XEXGX3, XEXAXE)R.
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Weighted r-path Ideals

Definition

A weighted r-path suspension of G, is a weighted graph (X,G)y
with weight function A : ¥, G — N such that the underlying graph
Y, G is a r-path suspension of G and A|gg) = w.

1 2 :
(Z2P2)x of (P2)w = ( Vi %) V3 ) Is
4 3
Vi Vi1 V1,2
1
3 3
V2 V21 V2,2
2
2 5
V3 V31 V32
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Weighted r-path Ideals

We have similar definitions for minimal weighted vertex cover of

(X,G)y, z-minimal weighted r-path vertex cover of (£,_1G)y,

and have a similar combinatorial formula to compute the type of
R/

Ir((ZrG)A) ’

/

type| ———— | = -minimal weighted r-path vertex covers
P </r((zrc))x> ke greary

of (£,-1G)x, with N = X5, 6} -
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Weighted r-path Ideals

Thank You!
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Weighted r-path Ideals
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