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[Krull '28]
You can enlarge p

'
so it is p

- primary !

Def R -- North
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I = ideal

nth symbolic power of I

It" : = M ( I " Rpn R)

up c-Ais (Rts)

Note .

p prime ⇒ plm is p -primary
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Containment Problem

when do we have I
"'

c- I
" ?

Thin [Zariski ' 51]
^

R -- North . domain s .-1. Rp domain tp
prime

tp.tn ,
7-ms.t.pl" sp

"

In other words , the topologies
defined by {pn} and { p

" ' }

are equivalent !
(Schemel ' 851 ' 86]

chacteñted when {I
"} and {I

" '}

are equivalent .



Thin [Swanson '00] R -- North .

{ In} and {I" '} an equivalent
f-s 7-k s . -1 . It" c- In f- n >, I .

Q what is k ?
Does it always depend on I ?

Answers for regular rings :

Thin[Ein-Lazarsfeld- Smith
'ol ;

then-wife 1oz]

R-ngatao-Teqidihan.lt
D= dimCR)

I = ideal

⇒ Ild" c- I " t n>it



Rem d can be replaced by :

fight (2) : = max {htlpi}

up c-Aislpl1)v1

h : = largest analytic spread
of IRP for

up c-AnCRII) .

0=[1-11-1102] Does this -1hm hold in

mixed char . ?

[Ma- khwede
' 18] Yes

,
for radical ideals

in excellent regular rings of miseduhar .

[ M -] Yes
,
in general



Main Thun [M - ] new when

R = regular f- not ueily excellent
V1

I =ideal c-
not nearly radical

)
⇒ Ilhan c- I

"

t n> I

complete answer to [+11-1102] !

⇐ R --regular of finite knell dim .

⇒ R satisfies the uniform symbol :c

topologies property
of [Haneke- Katz - KalidasHi

'

It]

More generally ,



Thu[M -J R = regular
v1

I = ideal
% . - ,

Sir c- 7,0

s -- E si
i

n

⑨ I
lstnh )

q IT I Csi
-117

i = I

⑥ If R=(Rin is local , then

I
lstuhtil gun IT y l site )

i =)

when R is of equal chair . :

② HH ' 02 ; Johnson
'
14

④ 1-11-1107 ; Takagi- Yoshida
' 08 ;

Johnson ' 14

② Applications to Grifo's asymptotic version
of Harborne conj .

③ Related to Eiewbud- Matar . conj .



How ? - New version of perfecto id / big
Cohen- Macaulay test ideals

- Recent developments in mixed

char
.

CA + AG .

82 Proof in equal char. ten
Main Thun [M - ]

R -- regular
V1

I -_ideal

⇒ Ilhan c- I
"

t n> I

pf when R ? ④ [ELS ' 01 ; M -]

- Reduce to complete local case
• Use multiplier ideals =allow taking

JCR ,It) , t c-④go
roots of
ideals

"



I
1hm
§ of (R , (Ilhas )

') = not too

small "

§ of ( R ,
(Ich" /%)

"uuanbiguity
of exponents

"

§ ⑨ ( R ,
LIK" )

"" 1)
"

isubaddtiitii

§ I
"

snot too large
"

Rem • Need my Kawamata
- Viehueg vanishing

thin to do ④ [M-]

• Does not use Artis approximation
To define / use f CR ,I-4 need :

• resolution of sing's}
unknown / false

in poi . /
miked

• vanishing thin's char .



Idea [Hara 105; Ma-Schade
' 18 ; M-]

Define test ideals TCR , - 1 to replace
~

↳
poi . char : Frobeniul

GLR ,- ) I mixed ohw : perfectoid
geometry

[Ms ' 18] need I radical in ④ to compute

YLR
, ( Ilha )Yn )

( assumption
on excellence is needed to)make sure I stays radical when

completing
Need something new!



What will we need for ④ ?

④ Localization (in equal char . 0)

GCR , I-4 - Rp = ItRp , I Rpt )

④ Skoda's Thin If JEI is gen . by

h ett 's
,
and if I = I

, then

J CR , Ih ) = J . I LR ,
Ih- ' )



Existing version of taitideakinwitedchar.

CR ,m) regular In
V1

Cfi
, .
. ,fn)=I

[ Ms ' 21 's [Hawn -

[Mgils]
Péret -124121; Lamarche -

Sato -Takagi ] Schwed]

ZLR,[ f- It ) IB (12,1-1) T-ilR.IT )

① not too small ✓ ✓ ✓

② unambiguity ✓ ✓ ✓

③ subadditivity ✓ ? ? ? ?

principal ok④ localization ? ? ? ?
for -4112,0)

④ Skoda's -1hm ? ? ? ? ✓

None of these are sufficient to pwe
Main -1hm alone !



Idea [M-] Find a new coercion of tort

ideals that combines the advantages
of

all of these

w' Tp (R , If ]-4 satisfying ① ~④

53 Ideas in proof of Main Thin
We will prove

all cases of Main Thu, although
the proof of ④ does split up into cases .

they pt Big Cohen-Macaulay algebra. do !

Why Homological conj is (incl . Direct
summand conj .)

Def [ Hochstein '75 ; sharp '8D
(Rin) =Ninth . local ,

dim d

B-- R-alg .



B. is ( balanced) big Cohen - Macaulay LBCM)

if every s.o.pe . ✗ e,
.
. id on R becomes

a regular sequence on B .

Thin[ 1-11-1192 ; Dietz-R.cn .
'

19 ; Andi
'18110 ;

Shimamoto 48]

Evey Noeth . local domain (Rm)
has a

BCM Rt - alg .

Rt : = int . closure of RinFraÑ

Thin [1-11-1192 ; Bhatt]

R^+ =p -adic completion of Rt

is a BCM Rt -alg for Noeth.cl

domains of residue char . p
> 0

.



☒ [M -] (nite, elf's from [Ms
'18+12137

(Rem) =zgÉ In , B--BCM Rt-alg .

6

fi
,
. . ,fn ,

t c- ☒ yo

TBLR , [ =P ]-4 ←
Liman

:=Annwp{yc-HE.IR) /
+me" "

gy=oirH&lB )

tg-p.IT ,fjj!m}
where a>int

Compared to [MI
'
18] :

① No almost math .

② MEI> o Cnotjuitp -powers
)

③ no perturbations
④ works in all char.



Ako: key comparison [M -]

B--Ñt in net . char . p > 0

I pit (R , [f- y
e)

c- I E 7+112
, Endvrlgi)

m--1 g
c-I
"

y
c- Zel R

,
I-4 ← [His]

* we can try to mimic strategy in
ihw

. o by switching to Te in
the comet place!



Thin[M -] 7- Bst.TBLR.EIYYEIJ-PII.FR? Q
,

(f) =L lhn)

YB (R , G- I-4 E LCR , Icm'T)

I equal
char

. Zeo poof apples .

In res . char . p> o :

STI : after localizing at every

p c-An CRI 1) .

Instead we localize at set R
-

ops. -1 ,

• 7- JER gen.by belts at .

5R× = III.
• zlhn2R× = Ihh Rx



T-pi-LR.EE ] -1h) - Rx

c- § [ T+(R,÷mdvrlgNR×
[M-J ma g c- (IIIT

c- § [ T+(R ,

h-md.vn/gDRxm--igC-Im-IET+CR,hm-dvrlgDRxm--igc-
In

c- Talk,Ih ) -Rx
[HLS]

=J - ZECR
,
-5h - ' I. Rx

c- I. Rx


