SLMath Problem Set 5 Graduate Summer School

Exercise 1. (1.5) Let I be a nonzero ideal in a noetherian local ring R. Show that if [ is
generated by a regular sequence, then I/I? is a free R/I-module.

Exercise 2. (1.8) Prove that if I C m? is minimally generated by f, ¢ in a regular local ring
@, then the minimal free resolution of )/I can be equipped with a dg Q-algebra structure.

Exercise 3. (1.9) Let I C m? be minimally generated by f, g in a regular local ring (Q,m, k),
and let F' denote the minimal free resolution of /I equipped with a dg Q-algebra structure
from Exercise [J] Describe the induced graded k-algebra structure on F' ®¢ k;.

Exercise 4. (1.10) For a pair of R-complexes M, N, their Hom complex, denoted Homg(M, N),
is the R-complex with

Hompg(M,N); = HHomR(Mj, Niy;) and 9" (p) =N o p — (—1)¥lpo oM.

jez
(a) Check that Hompg(M, N) is a complex.
(b) Describe Zo(Hompg(M, N)) and Ho(Hompg(M, N)).
(c) Set Endgr(M) = Hompg(M, M). Prove that Endg(M) is a dg R-algebra.
Exercise 5. (2.9) Let R = F5[x,vy, 2]/ (2%, 42, 22, zy2).
(a) Argue numerically that R is not a complete intersection.

(b) Use Macaulay?2 to compute H(K®), as a graded Fs-algebra, and use this information to
explain why R is not a complete intersection ring.

Exercise 6. (3.6) Fix a field k. Let A be a graded k-algebra. Check that AY° is a graded
Lie algebra over k, and that the functor A — AY¢ is right adjoint to U: Liey — Alg,. Is this
adjoint pair an equivalence? Justify your answer completely.

Exercise 7. (3.8) Let k be a field and consider the graded k-vector space L = k{u;,v; | i > 0}
where |u;| = 27 and |v;| = 2i + 1, so that dimg(L;) = 1 for all ¢ > 1.

(a) Check that L is a graded Lie algebra under the antisymmetric bracket given by
vl =0 0P =0 fuu]=0  [u,v] =iy

(b) Find the central and nilpotent elements of L.

Exercise 8. (3.13) Assume R is a complete intersection ring with regular presentation R Q/I
satisfying that I C m%. Describe 7*(R) as a graded Lie algebra over k, and use this description
to calculate Extg(k, k) as a graded k-algebra.

Exercise 9. (3.14) For R = k[z,v, 2] /(z* — yz,z2,y*), make a table for 7*(R) recording the
Lie brackets [a, b] for a,b € 7'(R) with i =1, 2.
You may use Macaulay2 to produce the minimal model of R over k[z,y, z].
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Exercise 10. (4.6) Prove that the mapping cone of semiprojective dg A-modules is also
semiprojective.

Exercise 11. (4.7) Let Q = k[z] and f = 2®. Set E = Qle | de = f] and consider the
@-complex M defined by:

0—=Q > ()? » () — 0
concentrated in homological degrees 0,1,2.

(a) Check that the following maps prescribe M with distinct dg E-module structures:
72
1

Q* < Q<+ 0.

(b) Are the dg E-modules from part (a) homotopy equivalent dg E-modules?

0 1

0+ Q<

Q<+ 0 and 0+ Q<

Hint: If M and N are homotopy equivalent dg F-modules, then M ®r k and N ®q k are
homotopy equivalent dg £ ®¢ k-modules.

Exercise 12. (4.8) Let Q = k[z,y] and f = 23 +y*. Set £ = Qle | de = f] and R = Q/(f).
Consider the following complex F' (concentrated in nonnegative degrees) that is periodic starting
at homological degree 2.

f 0 —y" x —1 0 7y3 z? f 0 7y3 z?
0 f x y 0o -1 z y 0 f z y —y x> —f 0
-y z? 1 0 -y 22 —f 0 -y 2’ 1 0 z oy o —f [ ]
3 3 3
4 x Yy 0 1 4 T Yy 0 f 4 x Y 0 1 4 0 — x Y s |z v f
= Q Q Q Q Q° Q

(a) Prove that F is a free Q-resolution of k[

(b) Prove that the matrices below give F' a dg E-module structure

0 0 O

0 0 0 0

0 -1 0 0

1 0O -1 0

F,+—— F, F < F
1 0 0 0 00 O 0
01 00 00 O 0
00 0O 00 -1 0
0 0 0O 00 0 -1
Fopig ——— F, Fopyo < Fonpp1, forn>1.

(c) Prove that F', equipped with the dg E-module structure from part (b), is a semifree reso-
lution of k over E.

(d) Prove that F' ®g R is the minimal free resolution of k over R.

You may check this is correct with Macaulay?2.



