
SLMath Problem Set 6 Graduate Summer School

Exercise 1.∗ Let (R,m, k) be a local ring and x ∈ m ∖ m2 be a regular element. If M is an
R/(x)-module, prove that

βR
i (M) = β

R/(x)
i (M) + β

R/(x)
i−1 (M) for each i ⩾ 0 .

Hint: Let F be the minimal resolution of M over R. A lemma from lecture says that F is the
minimal semifree resolution of M over E = R[e | ∂e = x], now consider F ⊗E R/(x).

Exercise 2.∗ Let R = Q/I where Q is a local ring and I is minimally generated by f1, . . . , fn.
If f1 is a Q-regular element, prove that the map I/I2 → R given by

a1f1 + · · ·+ anfn 7→ a1

is a well-defined R-linear map and determines a free R-summand of I/I2.

Exercise 3.∗ Let R be a noetherian local ring with minimal regular presentation R̂ ∼= Q/I and
Q[X] a minimal model for R over Q. Let θ : Q[X] −→ Q[X] be a derivation of degree d ⩽ 0 such
that θ((X⩾0)) ⊆ (X⩾0). Show that θ induces a well-defined derivation θn : k[X⩾n] −→ k[X⩾n].

Exercise 4. Let R be a noetherian local ring with minimal regular presentation R̂ ∼= Q/I and
Q[X] a minimal model for R over Q. Consider the map θz =

[
∂, d

dz

]
.

a) Show that θz : Q[X] −→ Q[X] is a chain derivation.

b) Show that im(θz) ⊆ (X).

Exercise 5.∗ Let R = Q/I with Q = kJx, y, zK and I = (x2, xy). Compute R ⊗Q[X] ΩQ[X]|Q up
to homological degree 3.

Exercise 6. Let R = C∞(Rn) be the ring of smooth functions on Rn, and m be the maximal
ideal of functions that vanish at a fixed point x0 ∈ Rn. Show that

DerR(R,R/m) ∼= HomR(m/m2, R/m) ∼= Rn

as vector spaces. As a moral, we conclude that DerR(R,R/m) is a model of the tangent space
of Rn at x0 constructed from the ring of smooth functions.
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